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ABSTRACT OF THESIS
Multifrequency averaging is one of the widely used modeling and simulation
techniques today for the analysis and design of power electronic systems. This
technique is capable of providing the average behavior as well as the ripple behavior
of power electronic systems. Hysteresis current control has fast response and internal
current stability through controlling switches to maintain the current within a given
hysteresis band of a given current command. However the state space variables
in a hysteresis controlled system cannot be directly approached by multifrequency
averaging method because of time varing switching frequency. In this thesis, a
method of applying multifrequency averaging to hysteresis current controlled dc-dc
converters is proposed. A dc-dc converter model with the application of this method
has been successfully developed and validated both in simulation and experiment.
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Chapter 1
Introduction
1.1 Introduction
Dc-dc converters are widely used as power supplies in power electronic systems for
their dc voltage regulation and high efficiency. In a dc-dc buck converter (as shown in
Figure 1.1), the dc input voltage is converted to a dc output voltage having a smaller
magnitude. By controlling the turn on and off behavior of the switching elements
periodically, the inductor current rises and falls alternately in one period [1, 2]. A
specific switching duty cycle is required to attain a specific regulation ratio of the
dc voltage in an open loop control system. A detailed switch level model is built to
describe specifically the switching operation behavior of the signals in time. However,
this detailed model is a time variant system and does not have constant equilibrium.
Besides, it also requires a relatively long simulation run time because the simulation
time step is limited by the switching period [3, 4].
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Figure 1.1: Diagram of switched dc-dc buck converter
As an alternative to a detailed model, a state space averaging (SSA) model is
a time invariant system and has constant equilibrium points [5]. Also, it requires
shorter simulation runtime compared to a detailed model [6–10]. The SSA method
has been widely applied in modeling and simulation for power electronic systems. An
SSA model is constructed through averaging the detailed model over one switching
period. Such model is a time invariant model and can be used to predict the average
behavior of the power electronic systems.
However an SSA method can only predict the average behavior of state space
variables and is limited to power converters which satisfy the small ripple condition
[11, 12]. To address this limitation, the multifrequency averaging method (MFA) is
proposed to solve this problem by using a truncated Fourier series to represent the
time variant state variables [13–16]. In the MFA model, both the average behavior
and the ripple behavior of time variant state variables can be predicted [17–20].
With feedback control, the controlled variable in a electronic system is measured
and compared with a commanded value. This enables the system to adjust its perfor-
mance to meet a desired output response. Among many feedback control methods,
hysteresis current control is extensively applied in power converters, AC drives, power
filters and other power electronic systems because of its fast response and internal
current stability [21–25]. The principle of hysteresis current control is controlling
2
switches to maintain the current within a given hysteresis band of a given current
command [26–32]
The MFA method has been studied for PWM control where the switching fre-
quency is known (e.g, naturally sampled PWM and uniformly sampled PWM) [33].
However it has not been extended to hysteresis current control. The difficulty is, in
hysteresis current controlled converters, the state space variables (e.g, inductor cur-
rent and capacitor voltage) are not periodic signals with constant frequency. Therefore
these state space variables cannot be directly approached by the MFA method. To
solve this problem, a method of applying MFA to hysteresis current controlled dc-dc
converters is proposed.
The main idea of the approach is to adjust the switching frequency and duty cycle
to drive the dc component of the inductor current to the commanded inductor current
and to drive the magnitude of the switching ripple component of the inductor current
to the magnitude of detailed switching ripple component. With this idea, a time
invariant system is built and both average behavior and ripple behavior of signals are
predicted.
An MFA model is built based on this approach. This proposed method has been
demonstrated and validated both in simulation study and hardware experiment.
1.2 Thesis Outline
The remainder of this thesis is organized as follows. The fundamentals of multifre-
quency averaging and its properties are presented in Chapter 2. In Chapter 3, the
proposed MFA model of buck converters subject to hysteresis current control is pro-
posed. Chapter 4 presents the simulation results, which demonstrate the validity of
the proposed MFA model. In Chapter 5, the proposed MFA model is compared with
3
experimental measurements. Conclusions and potential avenues for future work are
presented in Chapter 6.
4
Chapter 2
The Fundamentals of
Multifrequency Averaging and its
Properties
In order to study the power electronic systems in steady state and transients, it
is necessary to explore the properties of quasi-periodic signals in the system and
represent them by using MFA method. With multifrequency averaging method, a
quasi-periodic signal x(t) can be approximated as a truncated Fourier series:
x(t) ≈ x0 +
K∑
k=1
[xkc cos(kωt) + xks sin(kωt)] (2.1)
where x0 is the dc term (index 0 average), xkc, xks are the index k averages (kth order
coefficients of the Fourier series), ω is the switching angular frequency. The degree to
which the MFA representation accurately represents the signal depends on the value
of K. When K increases, the accuracy of the expression is improved.
In this thesis, only first-order approximations are employed (K = 1), which means
that the approximation consists of a dc component and a sinusoidal component at
5
the switching angular frequency ω:
x(t) ≈ x0 + x1c cos(ωt) + x1s sin(ωt). (2.2)
2.1 Computation of Time Differentiation
Suppose a signal x(t), with angular frequency ω and period T = 2π
ω
, is approximated
with a Kth-order series. By the derivative rule, differentiating with respect to time
yields:
dx(t)
dt
≈ dx0
dt
+
K∑
k=1
(
dxkc
dt
cos(kωt)− kωxkc sin(kωt)) +
K∑
k=1
(
dxks
dt
+ kωxks cos(kωt))
=
dx0
dt
+
K∑
k=1
(
dxkc
dt
+ kωxks) cos(kωt) +
K∑
k=1
(
dxks
dt
− kωxkc) sin(kωt). (2.3)
With only the dc term and the first harmonic oscillation, the equation above can
be expressed as:
dx(t)
dt
≈ dx0
dt
+ (
dx1c
dt
+ ωx1s) cos(ωt) + (
dx1s
dt
− ωx1c) sin(ωt). (2.4)
2.2 Multifrequency Averaging for Square Wave-
form and Triangle Waveform
A square wave (shown in Figure 2.1) between 0 and 1 with a fixed period T , duty
cycle d (d ∈ (0, 1)), and switching angular frequency ω can be expressed as
6
Figure 2.1: Plot of a square waveform
x(t) =
 1, t ∈ [t0, t0 + dT )0, t ∈ [t0 + dT, t0 + T ) (2.5)
With the MFA method, it can be approximated by a first-order truncated Fourier
series:
x(t) ≈ x0 + x1c cos(ωt) + x1s sin(ωt). (2.6)
The dc component will be equal to the duty cycle:
x0 = d, (2.7)
The square of the magnitude of the square waveform ripple component can be shown
x21c + x
2
1s =
4
π2
sin2(πd). (2.8)
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A triangle wave x(t) (shown in Figure 2.2) with peak values h and −h, a fixed pe-
riod T , duty cycle d (d ∈ (0, 1)), and switching angular frequency ω can be expressed
as
Figure 2.2: Plot of a triangle waveform
x(t) =

2h
dT
t, t ∈ [t0, t0 + dT )
−2h
(1−d)T (t− dT ) + 2h, t ∈ [t0 + dT, t0 + T )
(2.9)
With the MFA method, it can be approximated by first-order truncated Fourier series:
x(t) ≈ x0 + x1c cos(ωt) + x1s sin(ωt). (2.10)
The magnitude of the triangle waveform ripple component is labeled as heff and
it can be shown that
√
x21c + x
2
1s =
2h sin(πd)
π2d(1− d)
= heff . (2.11)
As shown in Figure 2.3, heff is a function of duty cycle d (d ∈ (0, 1))
8
Figure 2.3: Plot of heff
On the two margins (d = 0 or d = 1):
heff = lim
d→0
2h sin(πd)
π2d(1− d)
=
2h
π
(2.12)
heff = lim
d→1
2h sin(πd)
π2d(1− d)
=
2h
π
. (2.13)
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Chapter 3
Proposed Multifrequency
Averaging Model of Buck
Converters Subject to Hysteresis
Current Control
In this chapter, an MFA model of a hysteresis current controlled dc-dc buck con-
verter(as shown in Figure 3.1) is proposed. Parasitic elements are neglected in order
to focus on the overall approach, but these elements could be represented without
much additional difficulty.
10
Figure 3.1: Buck converter circuit
In this converter, a transistor (with switching function q1) and a diode (with
switching function q2) are the two switches, and q1 + q2 = 1, since the current path
must be provided for the inductor current whenever the transistor is off in continuous
conduction mode. In this mode, the switch statuses of the transistor and diode are
complementary. Thus, only the transistor switching function q1 is considered and is
labeled as q in this thesis, q(t) = 1 when the switch is on and q(t) = 0 when the
switch is off. The witching signal is actually a periodic square waveform from 0 to 1.
The voltage across the diode, also called the switch voltage vs, is applied across the
RLC circuit on the load side of the converter.
With the MFA method, the switch voltage, the inductor current, and the capacitor
voltage can be approximated by the first-order truncated Fourier Series:
vs(t) ≈ vs0 + vs1c cos(ωt) + vs1s sin(ωt) (3.1)
iL(t) ≈ iL0 + iL1c cos(ωt) + iL1s sin(ωt) (3.2)
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vC(t) ≈ vC0 + vC1c cos(ωt) + vC1s sin(ωt). (3.3)
With Kirchhoff’s law, the switch voltage can be described by
vs(t) = q(t)Vin
≈ vs0 + vs1c cos(ωt) + vs1s sin(ωt)
= q0Vin + q1cVin cos(ωt) + q1sVin sin(ωt). (3.4)
The differential equations describing the behavior of the inductor current and
capacitor voltage are
L
diL(t)
dt
= vs(t)− vC(t) (3.5)
C
dvC(t)
dt
= iL(t)−
vC(t)
R
. (3.6)
Using the properties of MFA from Chapter 2, it can be shown that:
diL0
dt
=
vs0 − vC0
L
(3.7)
diL1c
dt
=
vs1c − vC1c
L
− ωiL1s (3.8)
diL1s
dt
=
vs1s − vC1s
L
+ ωiL1c (3.9)
dvC0
dt
=
iL0 − vC0R
C
(3.10)
12
dvC1c
dt
=
iL1c − vC1cR
C
− ωvC1s (3.11)
dvC1s
dt
=
iL1s − vC1sR
C
+ ωvC1c. (3.12)
Under hysteresis current control, the resulting inductor current resembles that shown
in Figure 3.2. The principle of hysteresis current control is controlling switches (e.g.,
the transistor in a dc-dc buck converter) to maintain the current within a given
hysteresis band of a given current command. As shown in Figure 3.1, in a hysteresis
current controlled dc-dc buck converter, the inductor current iL is measured and
compared with the commanded current i∗L. If the current exceeds the upper limit
i∗L + h, the switch is opened. Likewise, if the current is below the lower limit i
∗
L − h,
the switch is closed. A hysteresis current controlled converter has a duty cycle d in
steady state, but it is not explicitly set.
Figure 3.2: Plot of current under hysteresis current control
The inductor current is a periodic triangle waveform with peak values i?L + h and
i?L− h. Therefore, the MFA inductor current waveform should approach this triangle
waveform. Specifically, the dc component iL0 should approach i
∗
L and square of the
magnitude of the ripple components (h2) should approach the square of the magnitude
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of the first harmonic of the triangle waveform (heff ):
iL0 → i∗L, (3.13)
h2 = i2L1c + i
2
L1s → h2eff = [
2h sin(πd)
π2d(1− d)
]2. (3.14)
To achieve the first objective, it is possible to approximate the effective duty cycle
in terms of the dc component of the inductor current as follows [34]:
d = bound(k(i∗L − iL0), 0, 1) (3.15)
where k is a model parameter. A small error must exist between the commanded
inductor current and the simulated dc component of the inductor current in order to
establish a nonzero duty cycle. This error can be made smaller by choice of larger k,
but doing this will tend to increase simulation run time.
To achieve the second objective, the switch voltages are selected to drive the
inductor current ripple magnitude to the required magnitude. In particular, it is
desired to make the following equation hold:
d(i2L1c + i
2
L1s)
dt
= 2iL1c
diL1c
dt
+ 2iL1s
diL1s
dt
= α(h2eff − h2), (3.16)
where α is a model parameter.
With the derivatives of iL1c and iL1s (equation 3.8 and equation 3.9), the equation
above can be simplified as a function of vs1c and vs1s:
iL1cvs1c + iL1svs1s = −
L
2
α(i2L1c + i
2
L1s − h2eff ) + iL1cvC1c + iL1svC1s︸ ︷︷ ︸
Φ
(3.17)
This equation represents a line in the vs1c - vs1s plane. The desired value of Phi
sets the location of the line.
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With the properties of MFA for the square waveform from Chapter 2, the square
of the magnitude of the switching ripple component is
q21c + q
2
1s =
4
π2
sin2(πd). (3.18)
Therefore, the square of the magnitude of vs is:
v2s1c + v
2
s1s =
4
π2
sin2(πd)V 2in. (3.19)
This eaquation represents a circle in the vs1c - vs1s plane.
Combining the magnitude of switch voltage’s switching ripple component (equa-
tions 3.19) and equation 3.17, a set of equations in vs1c and vs1s can be constructed: v
2
s1c + v
2
s1s =
4
π2
sin2(πd)V 2in
iL1cvs1c + iL1svs1s = Φ.
(3.20)
The solutions to the system of equations are the points of intersection of the circle
and line. In order to get the solutions, a discriminant is identified:
∆ =
4
π2
sin2(πd)V 2in(i
2
L1c + i
2
L1s)− Φ2. (3.21)
Based on this discriminant, as shown in Figure 3.3, three situations are involved.
15
Figure 3.3: Three situations of the solution
Situation 1
When ∆ > 0, the combined equations have two pairs of solutions (as shown in
Figure 4.2, the first sketch). One pair of solutions is recognized as:
vs1c =
iL1cΦ+ iL1s
√
4
π2
sin2(πd)V 2in(i
2
L1c + i
2
L1s)− Φ2
i2L1c + i
2
L1s
(3.22)
vs1s =
iL1sΦ+ iL1c
√
4
π2
sin2(πd)V 2in(i
2
L1c + i
2
L1s)− Φ2
i2L1c + i
2
L1s
. (3.23)
It has been determined that the other solutions are not physically reasonable from
simulations.
Situation 2
When ∆ = 0, the combined equation has only one pair of solutions. When ∆ < 0,
the desired value of Φ can be adjusted in order to obtain a solution. In particular, if
Φ =
√
4
π2
sin2(πd)V 2in(i
2
L1c + i
2
L1s), then ∆ = 0 and this pair of solution is
vs1c =
iL1cΦ
i2L1c + i
2
L1s
(3.24)
16
vs1s =
iL1sΦ
i2L1c + i
2
L1s
. (3.25)
Situation 3
A third situation exists when iL1c = iL1s = 0. In this situation, the linear con-
straint is automatically satisfied. An arbitrary position on the circle is selected:
vs1c =
√
4
π2
sin2(πd)V 2in (3.26)
vs1s = 0. (3.27)
Finally, it is necessary to determine the effective switching frequency of the model.
To do this, it is first recognized that in steady state, the derivatives of the inductor
current components will be zero:
diL1c
dt
=
vs1c − vC1c
L
− ωiL1s ≈ 0 (3.28)
diL1s
dt
=
vs1s − vC1s
L
+ ωiL1c ≈ 0. (3.29)
The switching angular frequency that achieves this in the least square sense is
ω =
1
L
 iL1s
−iL1c

†  vs1c − vC1c
vs1s − vC1s
 . (3.30)
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Chapter 4
Simulation Validation Study
Simulation validation studies are conducted to validate the proposed MFA method.
In particular, a detailed model and an MFA model of the converter are constructed.
Both of these models are simulated by using MATLAB R2013a with the parameters
shown in Table 4.1.
The total simulation duration is recorded and the accuracy is measured by com-
paring the inductor current and capacitor voltage waveforms predicted by the MFA
model with the waveforms predicted by the detailed model.
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Table 4.1: Simulation parameter values
Parameter Symbol Value
Input voltage Vin 250 V
Inductance L 1.52 mH
Capacitance C 167 µF
Resistance R 4 Ω
Hysteresis band h 2.5 A
Commanded inductor current i?L 20 A
Model band parameter k 104 A−1
Model approach parameter α 105 s−1
4.1 Detailed Model Simulation Scenario
A detailed model (shown in Figure 4.1) is constructed to to describe the detailed
switching operation. The system comes from zero initial conditions under a load
resistance of 4 Ohm. At 0.125 s, the load resistance is stepped to 8 Ohm. The
simulation is run for 0.25 s.
19
Figure 4.1: Detailed model
The inductor current and capacitor voltages of in detailed model are observed and
compared with the MFA model.
4.2 MFA Model Compared to the Detailed Model
An MFA model (shown in Figure 4.2) is constructed to to describe both the average
and ripple behavior of the buck converter. The same dynamic situation is simulated.
20
Figure 4.2: MFA model
The waveforms from the MFA model are reconstructed using the value of ω pre-
dicted by the MFA model. In particular, the switching frequency is integrated to
determine the switching angle:
θ(t) =
∫ t
0
ω(τ) dτ , (4.1)
and the waveforms are reconstructed as
iL(t) ≈ iL0 + iL1c cos(θ(t)) + iL1s sin(θ(t)) (4.2)
vC(t) ≈ vC0 + vC1c cos(θ(t)) + vC1s sin(θ(t)). (4.3)
The inductor current during the simulation is shown in Figure 4.3. The initial startup
transient is shown in Figure 4.4. The step resistance transient is shown in Figure 4.5.
Steady-state results between the two transients are shown in Figure 4.6. The capacitor
voltage during the simulation is shown in Figure 4.7. The initial startup transient is
shown in Figure 4.8. The step resistance transient is shown in Figure 4.9. Steady-
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state results between the two transients are shown in Figure 4.10. The right plots
show by setting peak values of the MFA waveforms as envelope function.
It can be seen that the MFA model predicts the dc response well. However, it is
obvious that in some cases a pronounced phase shift exists between the ac components
of the detailed and MFA models. This phase shift is due to the manner in which the
waveforms are reconstructed above, and a solution for correcting this discrepancy
is described below. Nonetheless, it can be seen that the MFA model consistently
predicts the envelope of the detailed model well. The MFA model is predicting the
envelope of the first harmonic of the switching ripple, which explains why the envelope
does not correspond directly to the peak values of the triangle inductor current.
Figure 4.3: Inductor current comparison
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Figure 4.4: Inductor current comparison (startup transient)
Figure 4.5: Inductor current comparison (resistance step transient)
Figure 4.6: Inductor current comparison (steady state)
23
Figure 4.7: Capacitor voltage comparison
Figure 4.8: Capacitor voltage comparison (startup transient)
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Figure 4.9: Capacitor voltage comparison (resistance step transient)
Figure 4.10: Capacitor voltage comparison (steady state)
The switching frequency of the detailed model is estimated by comparing the times
of subsequent switching events. The switching frequencies of the detailed and MFA
models are shown in Figure 4.11. The initial startup transient is shown in Figure 4.12.
The step resistance transient is shown in Figure 4.13. Steady-state results between
the two transients are shown in Figure 4.14.
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Figure 4.11: Switching frequency comparison
Figure 4.12: Switching frequency comparison (startup transient)
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Figure 4.13: Switching frequency comparison (resistance step transient)
The switching frequency of the detailed model and the MFA model are pretty
close and almost overlapped each other in Figure 4.10, but they are not exactly equal
(as shown in Figure 4.14). As shown in Table 4.2 switching frequency error is 4 Hz,
which is only 0.054% of the detailed switching frequency (7.168 kHz).
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Figure 4.14: Switching frequency comparison (steady state)
Table 4.2: Switching frequency comparison
Resistance 4 Ω 8 Ω
Detailed model 7.168 kHz 7.589 kHz
MFA model 7.172 kHz 7.592 kHz
Difference 4 Hz 3 Hz
4.3 Ideal Reconstruction of MFA Model Results
Because the slight switching frequency error described above is accumulated during
reconstruction of the waveform from the MFA model results, a phase angle drift
exists that causes the phase discrepancy observed in Figures 4.6 and Figure 4.10.
An alternative reconstruction method to that described in equation 4.1 to 4.3 is to
use the phase information from the detailed model to reconstruct the waveforms
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from the output of the MFA model. In the same way that the switching frequency
information was extracted from the detailed model above, the switching angle can
also be extracted and used in equation 4.2 and equation 4.3. This procedure is called
ideal reconstruction. The initial startup transient of inductor current of the ideally
reconstructed model is shown in Figure 4.15. The step resistance transient is shown in
Figure 4.16. Steady-state results between the two transients are shown in Figure 4.17.
The initial startup transient of capacitor voltage is shown in Figure 4.18. The step
resistance transient is shown in Figure 4.19. Steady-state results between the two
transients are shown in Figure 4.20.
Figure 4.15: Inductor current comparison (startup transient)
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Figure 4.16: Inductor current comparison (resistance step transient)
Figure 4.17: Inductor current comparison (steady state)
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Figure 4.18: Capacitor voltage comparison (startup transient)
Figure 4.19: Capacitor voltage comparison (resistance step transient)
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Figure 4.20: Capacitor voltage comparison (steady state)
4.4 Simulation Run Time Comparison
It is shown that the MFA model can reasonably predict the switching ripple of the
waveforms for the buck converter. The primary advantage of using the proposed
model is to predict these ripple components while using less simulation run time than
the detailed model.
Table 4.3: Simulation run time comparison
Model Run time (averaged over 10 simulations)
Detailed model 451.5 ms
MFA model 41.4 ms
Saving time 91%
32
Chapter 5
Hardware Experiment
In order to further validate the proposed MFA model, experiments were conducted.
The hysteresis current controlled dc-dc buck converter (shown in Figure 5.1) is formed
with IGBT switches, power diodes, filter inductor and capacitor, a sensor interface
boardr (shown in Figure 5.2), and a microcontroller. The hysteresis current control
is implemented by setting a commanded inductor current and hysteresis band. In the
first case, a step load resistance change from 7.8 Ω to 7.0 Ω is applied. In the second
case, a commanded current step is set from 20 A to 30 A. The inductor current is
sampled at a rate of 1 Msample/s and used to control switching. The inductor current
and capacitor voltage are measured experimentally and compared with the simulation
results of the MFA model.
33
Figure 5.1: Photograph of dc-dc converter
Figure 5.2: Photograph of sensor interface board
The inductor current and capacitor voltage for the step resistance change are
shown in Figure 5.3 and Figure 5.4. The inductor current and capacitor voltage for
the step current change are shown in Figure 5.5 and Figure 5.6.It can be seen that the
inductor current predicted by the MFA model matches the experimentally measured
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inductor current very well. There appears to be a small magnitude shift between the
measured and simulated capacitor voltages in step transient. This minor discrepancy
is likely due to small differences between parameter values in the simulation model
and the actual converter and does not seem to significantly affect the accuracy of the
model.
Figure 5.3: Inductor current comparison for step resistance
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Figure 5.4: Capacitor voltage comparison for step resistance
Figure 5.5: Inductor current comparison for step current
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Figure 5.6: Capacitor voltage comparison for step current
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Chapter 6
Conclusion and Future Work
In this thesis, the MFA method of representing hysteresis current controlled dc-dc
buck converters is proposed. Simulation results of both transient and steady state
responses show that the proposed method provides an accurate prediction of system
behavior. The proposed MFA method is validated experimentally by consideration
of step load and step commanded current in a hysteresis current controlled dc-dc
buck converter. It is shown that the proposed MFA model is capable of predict-
ing the average and ripple behavior predicted by the detailed model and measured
experimentally.
Simulation runtime between the detailed model and the MFA model has been
compared. And it shows 91% of the MATLAB simulation runtime has been saved
which is significant for simulation.
An ideally reconstructed MFA model is built under the condition that the switch-
ing frequency is given exactly. It showed the accuracy of the MFA method in pre-
dicting the magnitude of the time variant signals.
In this work, the extension of the applicability of the MFA method to hysteresis
control is well developed. It is possible that this method could be extended to other
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power electronic topologies as future work. It is also possible that it could be extended
to alternative modulation strategies like peak current mode control.
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